Let Sp(2) denote the split symplectic group of rank 2 over Q.
discrete series representations. One is called a holomorphic discrete series, another is called an antiholomorphic discrete series, and the others are called large discrete series. Moreover, the multiplicity of the holomorphic discrete series is equal to that of the anti-holomorphic one and the two large discrete series have the same multiplicity. Multiplicity formulas for holomorphic discrete series are already known (cf. [12, 14, 20, 38, 41] and Appendix A), but those for large discrete series were not. Therefore, we require multiplicity formulas for large discrete series. We calculate the geometric side of Arthur's L 2 -Lefschetz trace formula (cf. [3, 9] ) for Sp(2) with respect to any μ and the characteristic function of K 0 by using data about Γ -conjugacy classes (cf. [10, [12] [13] [14] 20, 39] ). Then, we obtain an explicit formula for a linear combination of multiplicities of discrete series and some non-tempered unitary representations of Sp(2, R). If the highest weight of μ is regular, then the non-tempered unitary representations do not appear in the formula. Hence, the half of the linear combination is the sum of the multiplicities of the holomorphic discrete series and the large discrete series. Thus, we can derive an explicit multiplicity formula for the large discrete series with respect to Γ from them.
Using the explicit formulas we can compute differences between multiplicities of holomorphic discrete series and large ones. The differences are expressed by multiplicities for discrete series of SL(2, R). It is obvious that the differences can be associated with endoscopic groups of GSp(2) from the point of view of Arthur's conjecture. Hence, we have a conjecture on an explicit form for a stable trace formula with respect to multiplicities of discrete series. This study is closely related to Spallone's works [34, 36] for a stable version of Arthur's L 2 -Lefschetz trace formula.
Set H = PGSp(2) and G = Sp (2) . Let H(A) (resp. G(R)) denote the set of equivalence classes of irreducible unitary representations of H(A) (resp. G(R)), where A is the adele ring of Q. For each π ∈ H(A) (resp. σ ∞ ∈ G(R)), we denote by m π (resp. m(σ ∞ , Γ )) the multiplicity of π (resp. σ ∞ ) in the discrete spectrum of L
(H(Q)\H(A)) (resp. L (Γ \G(R))). We set
where K p is a parahoric subgroup of GSp(2, Q p ) satisfying K p = K p ∩ Sp(2, Q p ). Let The dimensions dim C N π ,K 0 are determined by Schmidt in [32, 33] . Our multiplicity formula provides the numerical value of m(σ ∞ , Γ ). Therefore, we can get numerical information about multiplicities and numbers of cuspidal automorphic representations. Furthermore, if we take linear combinations of multiplicities, then we obtain some formulas for numbers of cuspidal automorphic representations satisfying some conditions at p. For an earlier study related to this work, we refer to Gross and Pollack [11] . They have studied explicit computations for Euler characteristics associated with Steinberg representations by using trace formula in general. We find two interesting numerical experiments using such linear combinations. One is that a linear combination provides only even numbers for any parameter. In [42] , we explained that it is related to class numbers and Arthur's conjecture. The other is that values of a linear combination for suitable parameters coincide with dimensions of spaces of Siegel cusp forms for Sp(2, Z). The reason is unclear.
This paper is organized as follows. In Section 2, we review multiplicities, discrete series, and some non-tempered unitary representations. In Section 3, we explicitly calculate Arthur's L 2 -Lefschetz trace formula for Sp (2) . In Section 4, we give multiplicity formulas for large discrete series. In Section 5, we consider some relations and numerical experiments on multiplicities. In Appendix A, we give some dimension formulas which are necessary to prove multiplicity formulas in Section 4. In Appendix B, we give two tables, which are due to Schmidt [32] . One is a classification for irreducible admissible representations of GSp(2, Q p ) supported in the minimal parabolic subgroup and the other is a table for dimensions of spaces of parahori-invariant vectors.
Preliminaries

Notations
For a finite set X , the cardinality of X is denoted by |X|. Let R be a ring. We denote by M(n, R) the ring of matrices of degree n over R. Let diag(a 1 , a 2 , . . . , a n ) denote the diagonal matrix whose entries are given by a 1 , a 2 , . . . , a n . We denote by I n the unit matrix of M(n, R) and by O n the zero matrix of M(n, R). For a matrix x, t x denotes the transpose of x. Let GL(n, R) denote the group of invertible matrices in M(n, R), and let SL(n, R) denote the subgroup of matrices with determinant one in GL(n, R).
Let Q, R, and C denote the field of rational, real, and complex numbers respectively. We denote by Z the ring of rational integers. Let i denote the complex number √ −1. For each place v of Q, we denote by Q v the completion of Q at v. The real place of Q is denoted by ∞, that is, Q ∞ = R. Let Z v denote the ring of integers of Q v for each finite place v. Let G be an algebraic group over Q. Let
, and G(Q v ) denote the group of Z-valued, Z v -valued, Q-valued, and Q v -valued points of G respectively. Let A denote the adele ring of Q. We denote by G(A) the adelization of G.
Let Z denote the center of GSp(2). We set Sp(2) = {g ∈ GSp(2) | λ(g) = 1} and PGSp(2) = GSp(2)/Z .
Discrete spectrum
Let G be a connected semi-simple algebraic group over Q and let Γ be an arithmetic subgroup of 
It is well known that the discrete spectrum L 2 disc 
(Γ \G(R)).
Discrete series representations of Sp(2, R)
We explain the Harish-Chandra parameter of Sp(2, R). For details, we refer to [23] . We set
The group K ∞ is a maximal compact subgroup of Sp(2, R). We set
There exists a one-to-one correspondence between the set Ξ = Ξ 1 ∪ Ξ 2 ∪ Ξ 3 ∪ Ξ 4 and the set of unitary equivalence classes of discrete series representations of Sp(2, R). The integral point (l 1 , l 2 ) is called the Harish-Chandra parameter. We assume that
(1) D(l 1 , l 2 ) denotes the holomorphic discrete series representation with the minimal K -type
denotes the large discrete series representation with the minimal K -type det
denotes the anti-holomorphic discrete series representation with the minimal K -type
where Sym j means the j-th symmetric tensor representation of GL(2, C).
Hence, we have only to consider Ξ 1 and Ξ 2 for multiplicities of discrete series. From now on, we
For the sake of simplification of description, we set
Note that the set {D
Holomorphic Siegel cusp form
We define spaces of holomorphic Siegel cusp forms of degree two. Let 
denote the space of Siegel cusp forms of weight ρ k, j for Γ , i.e. the space of holomorphic
1/2 is the real symmetric matrix such
Note that dim C S k, j (Γ ) = 0 if −I 4 ∈ Γ and j is odd. We set
(cf. [43] ). We have already known dimension formulas for spaces of Siegel cusp forms of degree two in many cases (see e.g., Igusa [22] , Hashimoto [12] , Hashimoto and Ibukiyama [14] , Ibukiyama [20, 21] , Tsushima [37, 38] , Wakatsuki [41] ).
Some non-tempered unitary representations
We will introduce some non-tempered unitary representations of Sp(2, R), which are related to the L 2 -cohomology of Γ \H 2 . We set
) denote the holomorphic (resp. anti-holomorphic) discrete series of SL(2, R) which has the minimal K -type
). Let sgn denote the non-trivial character on Z/2Z.
Let k be an integer which is larger than 2. We denote by σ 
Let l be an integer which is larger than 1. Let ω 
The Harish-Chandra module of ω
Explicit calculation for Arthur's L
2 -Lefschetz trace formula
Arithmetic subgroups
We set G = Sp (2) throughout this section. Fix a prime number p. Put
We set
These comprise the five conjugacy classes of parahoric subgroups of Sp(2, Q p ). Therefore for the purpose of computing multiplicity formulas, we may and will assume that K p is one of
We call Sp(2, Z) the full modular group, K(p) the paramodular group, Kl(p) the Klingen congruence subgroup, Si(p) the Siegel congruence subgroup, and I(p) the Iwahori subgroup. (2) over Q, whose contragradient representation has the same infinitesimal character as
L 2 -Lefschetz number
By the result of Hiraga [16, 17] we find that the number
Explicit formulas
In order to simplify descriptions for multiplicity formulas, we define some notations first. In the
We also set
The Legendre symbol is denoted by ( * |p). Especially we use
From [13, Section 5-1] we know that the characteristic polynomials of the torsion elements of Sp(2, Q) are as follows:
We denote by H Lef t,Γ the total contribution of elements of Γ with characteristic polynomial
Hence we may assume that l 1 − l 2 is odd. We will use the parameter (k, j) to describe multiplicity formulas instead of (l 1 , l 2 ) (cf. Section 2.4). It is better, because only j is related to the assumption that l 1 − l 2 = j + 1 is odd.
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Proof of the theorems
In this subsection, we explain our proof. First, we review Arthur's L 2 -Lefschetz trace formula for
Arthur [3] and Goresky, Kottwitz and MacPherson [9] ). Next, we will state an explicit calculation for it.
Let μ be a finite-dimensional irreducible rational representation of G and let h be a locally constant, compactly supported, complex-valued function on
where M runs over the Levi subgroups
and G. We have 
The notation (M(Q)) means the set of M(Q)-conjugacy classes in M(Q). We may identify an element γ ∈ M(Q) with the M(Q)-conjugacy class of γ in M(Q), since every function in the formula is M(Q)-invariant. Let T M be a maximal torus in M over R such that T M (R)/A M (R) is compact. We call γ ∈ M(R) an R-elliptic element if γ is M(R)-conjugate to an element in T M (R).
where q(H) =
2 dim(H(R)/(K ∞ ∩ H(R)) A H (R) 0 ), B is a maximal torus such that B(R) is contained in (K ∞ ∩ H(R)) A H (R) 0 , and D(H, B) = W (G(R), B(R))\W (G, B) (W (G, B) is the Weyl group of G on B and W (G(R), B(R)) is the subgroup of elements induced from G(R)). As for vol( A H (R)
0 \H(A)), 
, and Θ m 1 ,m 2 is the character of D(m 1 , m 2 ). Character formulas for discrete series are well known (see, e.g., Hirai [18] and Herb [15] ). For singular R-elliptic elements γ , the function Φ M (γ , μ) was studied by Spallone [35] . Hence, we can easily get explicit forms of Φ M (γ , μ) for each such γ .
Let γ ∈ M(Q) and let v be a finite place of Q. Let dk v denote the Haar measure on Sp(2, Z v )
and P t = M t N t (t = 0, 1, 2). When M = M t (t = 0, 1, 2), we set P = P t and N P = N t . If M = G, then we put P = G and N P = {I 4 }. Let dm 1,v (resp. dn v ) denote the Haar measure on
By the above-mentioned explanation, we see that it is sufficient to calculate explicitly h M (γ ) in order to obtain the theorems.
From now on, we assume that
. We start to explain our calculations for Arthur's formula. We set 
. For all M(Q)-conjugacy classes, we take representative elements
, 1 , and ± 1 1 
We can easily show this result by a simple calculation.
First, we treat the cases (I-1) and (I-2). Let γ = ±(1, 1) or ±(1, −1). Then, we have 
Hence, we have proved the results of (I-1) and (I-2). As for (II-1), (III-1), (III-2), we can compute them by the same argument as (I-1) and (I-2). Hence, we omit the proofs for the cases (II-1), (III-1) and (III-2).
Next, we treat the case (II-2). We assume that γ is an R-elliptic semi-simple element of M(Q) such that det(γ ) = 1 and γ = ±I 2 . Then, we have
By direct calculation we obtain
where h K 0,p is the characteristic function of
Therefore, the result of (II-2) follows. We can also prove the result of (III-3) by the same argument as (II-2). Hence, we omit the proof for (III-3). 2
We can easily compute numerical values of T M (γ ) by this lemma, because data of conjugacy classes are well known (cf. [24] ). Besides, we can easily reduce an explicit calculation for the term of M = G to those of [12] [13] [14] 20, 21, 41] , since h M (γ ) is nothing but an orbital integral in this case. Thus, we have completed the proofs of Theorems 3.1, 3.2, 3.3, 3.4, and 3.5.
Large discrete series
In this section, we give our main results which are explicit multiplicity formulas for large discrete series.
If we assume
. Dimension formulas for Sp(2, Z), K(p), and Si(p) are known if k 5 (cf. [12, [20] [21] [22] 37, 38, 41] ). We will explain dimension formulas for Kl(p) and I(p) in Appendix A. Thus, multiplicity formulas for m(D 
The multiplicity formulas are as follows.
Then, we have m D
0 otherwise.
Then, we have m D , Sp(2, Z)). Spallone has studied unipotent terms of a stable version of Arthur's L 2 -Lefschetz trace formula for GSp (2) in [36] .
His calculation agrees with our conjecture. We can also get analogues of Theorem 5.1 for K(p), Kl(p), Si(p), and I(p) by using the formulas of Sections 3 and 4 and Schmidt's results [32, 33] for local newforms (cf. Table B.2). As an example, we will write it for K(p). As for Kl(p) and Si(p), we do not write them in this paper. Since I(p)-newforms [32, 33] .
